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Abstract. It is shown that there is a computable conformal map of the unit 
disk onto a domain D that has a computable boundary extension even though 
^^ the boundary of D is not effectively locally connected. The proof encodes an 

C^ arbitrary c.e. set into the local connectivity of the boundary of D. 
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1. Introduction 



Our goal here is to investigate the information necessary to compute the bound- 
ary extension of a conformal map. In [21^, it is shown that local connectivity 
Vi^ information for the boundary of the range is sufficient; that is the ability to predict 

r^ an upper bound on the diameter of paths in the boundary between nearby points. 

Here, we will show that local connectivity information is not necessary. Namely, 
we show that there is a computable and conformal map (f> of the unit disk (that 
I ^ I is, the open disk with center and radius 1) onto a domain D so that (f> has a 

computable boundary extension but the boundary of D is not effectively locally 
OQ connected. That is, no algorithm can predict an upper bound on the diameter of 

1^ paths in the boundary between nearby points. 

We will build D by encoding an arbitrary c.e. set into the local connectivity 
Qs of its boundary. The boundary of this domain D is essentially a polygon with 

T-H infinitely many vertices. So, we will use the technology developed by Andreev and 

_J McNichoU in |T] to create a representation of (p in terms of the functions of potential 

(^ theory. We then use this representation of cj) to show that its boundary extension 

C^ is computable. 

^~~^ We give background from complex analysis and computability in Section [21 In 

^ Section [3] we prove a new estimate on the boundary behavior of the inverse of a 

'/~j conformal map. Then, in Section l4] we construct the domain D and its boundary 

rN and prove that the boundary of D is not effectively locally connected. In Section [s] 

^ we build a representation of the map (f) in terms of the functions of potential theory. 

We prove the computability of the constituents of this representation in Section 6 
We demonstrate the computability of the boundary extension of (f> in Section 7 
Concluding observations and further questions for investigation are discussed in 
Section [8l 

2. Background 

2.1. Background from topology and complex analysis. Let C denote the 
complex plane. A domain is a subset of C that is open and connected. A domain 
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2 TIMOTHY H. MCNICHOLL 

D is simply connected if it has the property that whenever a Jordan curve 7 is 
inchided in D its interior is as weU. 

Let D denote the unit disk; that is the open disk whose center is the origin and 
whose radius is 1. The boundary of D wiU be called the unit circle. The Riemann 
Mapping Theorem states that if D is a simply connected domain with at least two 
boundary points, then there is a conformal map of the unit disk onto D. If D is also 
a Jordan domain (ie the boundary of Z? is a Jordan curve), then the Caratheodory 
Theorem states there is a homeomorphic extension of (j) to the closure of the unit 
disk. 

A topological space X is locally connected if for every point p (z X and every 
neighborhood of p, U, there is a connected neighborhood of p, V, that is included 
in U. If X is a compact metric space, then X is effectively locally connected if and 
only if it is uniformly locally arcwise connected; that is, for every e > 0, there is a 
(5 > so that whenever p,q Cz X are distinct, if d{p, q) < S, then there is an arc in 
X from p to q whose diameter is smaller than e. The Hahn-Mazurkiewicz Theorem 
states that a Hausdorff topological space X is the range of a continuous function 
on [0, 1] if and only if it is compact, metrizable, connected, and locally connected. 

If (/) is a conformal map of the unit disk onto a bounded domain D, and if the 
boundary of D is not a Jordan curve but is at least locally connected, then cf) has 
a continuous extension to the closure of the unit disk. This extension is called 
the boundary extension of cf) and is denoted by (j) a-s well. By the converse of the 
Hahn-Mazurkiewicz Theorem, if a conformal map of the unit disk onto a domain D 
has a boundary extension, then the boundary of D is locally connected. Boundary 
extensions of conformal maps play an important role in the solution of Dirichlet 
problems. 

In the subsequent sections, a number of results from the theory of analytic and 
harmonic functions are quoted without proofs. Except where noted, demonstrations 
can be found in Garnett and Marshall ^2j, Nehari ^25j, and Pommerenke [26] . 



2.2. Background from computable analysis. With regards to computability 
over the natural numbers, in particular the meaning of the term computable as it 
applies to sets of natural numbers and to functions that map natural numbers to 
natural numbers, and also in particular to the meaning of computably enumerable^ 
we refer the reader to standard texts such as Cutland ^ , and Cooper [7] . A common 
example of a computably enumerable set that is incomputable is Turing 's Halting 
Set, which can be defined as the set of all codes of Turing machines that halt on at 
least one input. 

With regards to computability over continuous spaces such as the complex plane, 
there is no standard text to which we can refer the reader. Two important works 
are the Banach space approach of Pour-El and Richards [27] and the Type- Two 
Effectivity approach in Weihrauch [5H]. The latter establishes a computability 
theory on any second-countable Tq space. There is also the point-free approach 
of Kalantari and Welch [1^ ■ On all spaces common to their purviews, these three 
approaches are equivalent. Complexity of computation with real numbers is treated 
in Ko [19]. See also Cook and Kawamura [18]. Here, we only consider computability 
on the complex plane and its hyperspaces. So, we will use the following definitions 
which are equivalent in this setting to these other frameworks. 
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To begin, a rational interval is an interval whose endpoints are rational numbers. 
An open rational rectangle is a cartesian product of two open rational intervals. A 
closed rational rectangle is a cartesian product of two closed rational intervals. 

A point p € C is computable if there is an algorithm that, given any natural 
number k as input, computes a rational point q E <C such that |<7 — p| < 2^*^. That 
is, it is possible to compute arbitrarily good approximations of p. All algebraic 
numbers are computable as are many transcendental numbers such as tt and e. 
However, most points are incomputable. In particular, if A is an incomputable set 
of natural numbers, then 

neA 

is an incomputable real. 

A sequence {z„}^o is computable if there is an algorithm that, given any fc, n G 
N as input, computes a rational point q E C such that jg — z„| < 2^*^. So, if c is a 
computable real, and if z„ = c for all n, then {znjneN is computable. On the other 
hand, if A is an incomputable set of natural numbers, and if 

1 line A 
iin^ A 

then {zn}n€A is incomputable. 

Suppose / is a function that maps complex numbers to complex numbers. We 
say that / is computable if there is an algorithm M that meets the following three 
criteria. 

• Approximation: Given an open rational rectangle i?i as input, either M 
does not halt, or it produces a rational rectangle i?2 as output. 

• Correctness: If M halts on a rational rectangle i?i, and if / is defined at 
z e Ri, then f{z) e i?2. 

• Convergence: If [/ is a neighborhood of f{z), and if i? is a rational rec- 
tangle that contains z, then on a rational rectangle Ri <Z R that contains 
z, M halts and computes a rational rectangle that is contained in U. 

In other words, / is computable if for each z in its domain we can compute ar- 
bitrarily good approximations of f(z) from sufficiently good approximations of z. 
Most functions that occur in practice are computable. In addition, all computable 
functions are continuous. However, if zq is an incomputable point, then f{z) = zq 
gives a continuous function that is incomputable. 

An open subset of the plane U is computable if the set of closed rational rectangles 
included in U is computably enumerable. So, for example, if r is a computable 
positive real, and if Zq is a computable point then Dj,{zq) is a computable open set. 

A closed subset of the plane C is computable if the set of open rational rectangles 
that contain a point of C is computably enumerable. For example, it follows from 
the definitions that if / : [0, 1] — > C is computable, then its range is a computable 
closed set. 

A compact subset of the plane C is computably compact if there is an algorithm 
that, given a natural number k as input, computes a finite set of rational rectangles 
{i?i, . . . , Rn} with the following properties. 

• The diameter of each Rj is smaller than 2^*^. 

• Each Rj contains a point of C. 
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It follows that a computably compact set is a computably closed set |5] . Intuitively, 
computable compactness corresponds to the ability to plot the set on a computer 
screen with arbitrarily good resolution. If / : [0, 1] — >■ C is computable, then it 
follows from the definitions that its range is computably compact. 

We say that X C C is effectively locally connected if there is a computable 
function g : N — > N with the property that whenever fc S N and p, q are distinct 
points of X, if |p — g] < 2^'^'^^\ then X contains an arc from p to q whose diameter 
is smaller than 2~^ . A definition of "effectively locally connected" that is a faithful 
translation of the standard definition of "locally connected" into the framework of 
Type Two Effectivity appears in Brattka [Ij. In Daniel and McNichoU J^, it is 
shown that for computably compact subsets of the plane, this notion is equivalent 
to the one just given. Effective local connectivity is a way of controlling the amount 
of zigzagging in the boundary of a domain which then allows for the construction of 
accessing arcs. That is, arcs from that proceed from a point in the domain to a point 
on the boundary without intersecting any other point of the boundary. The ability 
to compute such arcs is used to compute boundary extensions of conformal maps 
in McNicholl [22] • Computable aspects of accessing arcs are explored in McNichoU 

m- 

Suppose / is a function that maps complex numbers to complex numbers. A 
function g : N — )• N is a modulus of continuity for / if \f{zi)^f{z2)\ < 2^*^ whenever 
fc G N and Zi,Z2 are points in the domain of / such that \zi — Z2I < 2~^'^^\ It is 
well-known that a computable function / : [0, 1] — )■ C has a computable modulus 
of continuity. It is also well-known that the range of such a function is computably 
compact. 

In 1912, P. Koebe [20] outlined a constructive proof of the Riemann Mapping 
Theorem (see also Henrici [H]). A proof of the Riemann Mapping Theorem in the 
framework of Bishop that builds on Koebe's ideas is developed in Cheng fS] and 
in Bishop and Bridges [3^. An effective Riemann Mapping Theorem appears in 
Hertling [TB] . The essence of this result is that if a domain D is simply connected 
and has at least two boundary points, and if it is also the case that D and its 
boundary can be computed (in a sense made precise in Sectional), then it is possible 
to compute a conformal map (j) of the unit disk onto D. Furthermore, the proof 
of this result is uniform in that it yields an algorithm that transforms algorithms 
for computing D and its boundary into an algorithm for computing (j). It is also 
shown in the same paper that if a conformal map of the unit disk onto D can be 
computed, then D and its boundary can be computed as well. Again, the proof is 
uniform. It is observed in Pour-El and Richards [27 that it is possible to compute 
a domain D whose boundary is incomputable. Together, these results pin down D 
and its boundary as the information necessary to compute (p. The complexity of 
computing (j) when D is a Jordan domain is explored in Binder, Braverman, and 
Yampolsky 0. 

The information-theoretic complexity of computing boundary extensions of con- 
formal maps onto simply-connected Jordan domains was determined in McNicholl 
[2 2) . Namely, it is shown that a computable conformal map of the unit disk onto a 
Jordan domain D has a computable boundary extension if and only if the boundary 
of D is effectively locally connected. Again, the proof is uniform. 

These developments lead to the investigation of the information required to com- 
pute the boundary extension of a conformal map onto a non- Jordan domain whose 
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boundary is locally connected. In McNicholl [21 , it is shown that a boundary ex- 
tension can be computed if the domain D and its boundary are computable and its 
boundary is effectively locally connected. So, at first glance, it seems that effective 
local connectivity provides the right amount of information necessary for comput- 
ing boundary extensions. However, Couch, Daniel, and McNicholl observed in [8], 
based on work of Miller |24] and Gu, Lutz, and Mayordomo [H], that there is a 
subset of the plane that is not effectively locally connected even though it forms 
the range of a computable map on [0, 1]. Here we strengthen this result by showing 
that it is possible to compute a conformal map (j) of the unit disk onto a domain 
D in such a way that (f) also has a computable boundary extension even though 
the boundary of D is not effectively locally connected. The upshot of this is that 
effective local connectivity provides sufhcient, but not necessary, information for 
computing boundary extensions of computable conformal maps. Specifically, we 
prove the following. 

Theorem 2.1. There is a computable and conformal map on the unit disk that has 
a computable boundary extension even though the image of this boundary extension 
on the unit circle is not effectively locally connected. 

3. An estimate on boundary behavior 

Theorem 3.1. Suppose <j) is a conformal map on the unit disk that has a boundary 
extension and let D denote its range. Suppose tq, Rq are positive numbers such 
that 

exp(167r2) 
and such that Rq is smaller than the minimum of \4>{z) — ^| as z ranges over all 
points whose modulus is at most 1/2 and C ranges over all boundary points of D. 
Let Co be a boundary point of D, and choose a point zq € D so that Co is a boundary 
point of the connected component of Zq in Dj,g{Co) 1^ D. Then, Co = 4'iO Jot some 
C such that 

2tt \ 



Arg 



0-H^o) 



< arcsm 



v/ln(i?o/ro) 



Proof. Let zi = ^"^(^o)- Since Co is a boundary point of the connected component 
of Zq in Drg(Co) n D, there is an arc /3 from zg to Co that contains no point of the 
boundary of _D except Co ^-nd that is contained in Z3ro(Co)- Let /3i be the pre-image 
of /3 — {Co} under (j)~^ . 

Let 

2tt 



^HRo/ro) ■ 

The upper bound on 7'o ensures that m < 1/2. Let pi denote the ray through 
and zi. Suppose p is a ray that is parallel to pi and whose distance from pi is m. 
That is, for each point z on p, the distance from z to pi is m. We claim that p 
does not contain any point of /3i. For, suppose otherwise. Let p' denote the image 
under (p of p. Since m < 1/2, it follows that p contains a point of -Di/2(0). It then 
follows from the upper bound on Rq that p' contains a point oi D — ^^^^(Co). But, 
p' also intersects f3. It follows that p' intersects the circles with centers Co and radii 
ro and Rq. Let p'^ denote the image under ip of pi. It similarly follows that p[ 
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intersects theses circles. But furthermore, these images must intersect every circle 
whose center is Co and whose radius is between tq and Rq. 



Let ^{r,9) = Co + re . Whenever tq < r < Rq^ we can choose numbers 9[ 



0,r 



and 9i^r so that 7(r, 6'o,.r) G p', lir^Oi^r) G p'l, and so that "f{r,9) £ D whenever 9 
is between 9o.r and 9ir- Furthermore, we can choose these numbers so that they 
vary continuously with r and so that \9o,r — 0i,r\ ^ 27r. Without loss of generality, 
suppose 9o,ro < ^i.ro- Sincc p and pi do not cross, it follows that 0o,r < ^i,r 
whenever r^ < r < Rq. 

Let ip = (j)~-^. Whenever tq < r < i?o, the modulus of i}'y{r, 0o,r) — 'ipl{r, 9i_r) is 
at least m. At the same time, this modulus is not larger than the length of the arc 
traversed by ^pj{r, 9) as 9 ranges between ^o.r and di,r. The length of this arc is 



d9^ / \^p'-f{r,9)\rd9. 



d 

By the Schwarz Integral Inequality, 

m^ < f ^'^ \ij'j{r,9)fd9 I '" r^ d9 



Thus, 



< r27r / \i^'j{r,9)\^rd9. 

/•Rq rOi^r 

dr < / \i}'j{r,9)frd9dr. 



1 



2^ Jro r 



But, since r is the Jacobian of 7, the latter integral is not larger than 

l^f dA 



which, by the Lusin Area Integral (see, eg. Lemma 13.1.2, page 386, of Greene and 
Krantz [13]), is the area of a subregion of the unit disk. Hence, 

771 

— ln(i?o/ro) < TT. 

But, this contradicts the upper bound on vq. Thus, p does not intersect /3i. 

So, let poj P2 be the two rays that are parallel to pi and whose distance from pi 
is 771. Let pj denote the point where pj crosses the unit circle. By the upper bound 
on Rq, /3i contains no point of the circle with center and radius 1/2. Let cr denote 
the arc on the unit circle from po to p2 that contains pi. It follows that /3i has a 
limit point on a; let C denote such a point. Hence, 0(C) = Co- Since C G cr, it also 
follows that 

< m. 

O 



Arg 



4. The construction of the domain D 

We begin by constructing a set X C C. This set will be the boundary of D. To 
begin, we declare all points that lie on either the left, right, or top side of the unit 
square [0, 1]^ to be in X. Let i/q = 0, i^i = i, 1/2 = 1 + i, and 1/3 = 1. We then 
declare each point of the form 2^("+^)(l + i) to be in X, and we label this point 
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Figure 1. Construction of X: the case where n G A 

i^Sn+b- (The reasons for the choice of subscript wih become apparent later.) Let A 
be a c.e. but incomputable set of natural numbers, and fix an effective enumeration 
of A, {As}seN- That is, {^sj^gN is a uniformly computable sequence of finite sets, 
As Q As+i for all s, and A — {J^As- We say that a number n enters A at stage s if 
s is the smallest number such that n G Ag. If n enters A at stage s, then we declare 
2-(«+i) + 2-("+2+") and 2^("+i) - 2-("+2+'*) to be in X; label these points i/3„+4 
and V3n+6 respectively. See Figure [T] On the other hand, if n does not belong to A, 
then we only put 2"'^"+^^ into X and we let vsn+i — i^sn+e = 2"^""'"^). See Figure 
^ Then, for each n and each j S {4,6}, we put all points on the line segment 
from v^n+j to v^n+b into X. Finally, put all points in the interval [1^4, 1] and all 
points in the intervals [t'sn+T, I'sn+e] into X. 

The set €. ~ X consists of two connected components, only one of which is 
bounded. Let D denote the bounded component. Thus, D is simply connected and 
X is the boundary of £>. It follows from the construction that D is computably 
open and X is computably closed. So, by the Effective Riemann Mapping Theorem 
of Hertling [16], there is a computable and conformal map of D onto D. The set 
X is locally connected, so (j) has a boundary extension which we also denote by </>. 

However, X is not effectively locally connected. For, suppose otherwise. Then, 
there is a computable map g : N — ^ N with the property that whenever fc is a 
non-negative integer and x, y are distinct points of X such that |x — y| < 2~^'^^\ X 
contains an arc from xioy whose diameter is smaller than 2~^ . We can assume g is 
increasing. Using this map g, we show that A is computable contrary to assumption. 
In fact, we claim that n ^ Aii n ^ ^g(n+2)- For, by way of contradiction, suppose 
that n ^ ^g(„+2) but that n £ A, and let s be the stage at which n enters A. Thus, 
s > g{n + 2). It follows from the construction that the distance from v^n+i to vsn+e 
is 2~("+^+'*) which in turn is smaller than 2"^^"+^). However, by construction, the 
shortest arc in X from i-'3„+4 to v^n+e consists of the line segment from v^n+A to 
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(2-(«H)2-<"^") 



Figure 2. Construction of X: the case where n ^ A 

i^3n+5 and the hne segment from I'sn+s to van+e- But, the diameter of each of these 
segments is at least 2~^'^'^^\ and this is a contradiction. Thus, n ^ Aiin ^ ^g(n+2)- 
However, this now contradicts the incomputability of A^ and so such a function g 
can not exist. 

5. A REPRESENTATION OF (j> 

We now construct a representation of which we will use to compute the bound- 
ary extension of <j). Our approach parallels that used in Andreev and McNichoU \T\ 
to construct Schwarz-Christoffel mappings for multiply connected domains. The 
representation uses some of the basic elements of harmonic function theory which 
we summarize here. 

To begin, a real-valued function u on a domain D is harmonic if it is twice 
continuously differentiable and for all z e -D, 

The real and imaginary parts of an analytic function are harmonic. Furthermore, 
if u, V are the real and imaginary parts respectively of an analytic function /, then 

du dv 

dx dy 
dv du 

dy dx 

These equations are called the Cauchy-Riemann equations. If u, v are harmonic 
functions on D that satisfy these equations, then u+iv is analytic, and v is said to be 
a harmonic conjugate of u. Each harmonic function on D has a harmonic conjugate, 
and any two conjugates of a harmonic function differ by a constant. Accordingly, 
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when u is a harmonic function on D, we let u be the harmonic conjugate of u with 
the property that u{0) — 0. When u is a harmonic function on D that has an 
integrable extension to the closure of D, it follows from jT^J Exercise 11.11] that 

(5.1) .(.e-)- r 2rsMX^0Me-) dO 



L^ 1 - 2r cos(A - 6*) + r2 27r ■ 

We then set u ^ u + iu. 

If 7 : [a, 6] ^ C is smooth, then let: 

fiOdC = / fh{t)Wit)dt 



/(c)Mci = ffhmi'{t)\dt 

J a 

If / is an integrable and real- valued function on the unit circle, and if we set 
(5.2) u{z) = [ f{C)PAC)\dC\, 

J do 

where 

then M is a harmonic function on D and /(C) — linix-yi^ u{z) whenever / is continuous 
at C- The function u is called the solution to the Dirichlet problem with boundary 
data f. 

If .E is a Borel subset of the unit circle, then there is a unique harmonic function 
on D, u, with the property that for each unimodular C, 

1 Ce-E 



hmu(z)-^ C^i? 

This function is called the harmonic measure function of E, and its value at z 
is denoted a;(z,£', D). If we fix z and allow E to vary, then we obtain a Borel 
probability measure on the unit circle. 

We shall refer to the points i/Qjiyi,... as vertices. Following DriscoU and Tre- 
fethen |llj . we then refer to their pre-images as pre-vertices. We then refer to all 
other points of the boundary of D as non-prevertices. The set of non-prevertices 
has infinitely many connected components. 

Let Jo be the connected component of the set of non-prevertices that is bounded 
by the pre-images of vq and vi . Label the remaining components Ji , J2 , • • ■ so that 
Jn and Jn+i have exactly one point in common for each n. 

Now, let ao denote the (/)-preimage of i/q, and for each n, let «„+! denote the 
common point of J„ and Jn+i- It follows that 0(a„) = Vn for each n. Without loss 
of generality, we assume that ao = — 1 . 

Suppose J is a connected component of the set of non-prevertices. It follows 
from the Schwarz Reflection Principle (see p. 184 of [53]) that cj) has a differentiable 
extension that includes J. For all z G 9D, let arg]^(z) be the number S [—tt,tt) 
such that e'^ = z. Then, by a well-known argument, which we reproduce here for 
the sake of completeness, a.j:gi{z4>' {z)) is constant on J with respect to z. For, 
fix numbers 0i and 02 such that e*^ belongs to J precisely when 0i < < 62- 
Set r]{0) = (/)(e'^). So, by the construction of X, as travels from 0i to 62, rj{0) 
traces the line segment from u^ to Vn+i- Thus, as 9 travels from 0i to ^2, v'i^) 
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may change in magnitude but can not change in direction; that is, its argument is 
constant. However, by the chain rule, ri'{d) = 0'(e*^)e*^i. By setting = argj^(2), 
we see that a,Tgi{z(j)' (z)) is constant as z ranges over J. Moreover, if c is the value 
of this argument then c = v'i^^) ~ '^f'^- 

So, for each n let c„ = arg]^(z0'(z)) for all z G Jn- We now calculate the values 
of these constants. To begin, we have the following: 



Co 





U 


Cl 


^ 


"2 


C2 


= 


— TT 

vr 


C3« 


^ 






When j ^ A, it follows that c^j+a = and that c^n+b = ^t^- But, if j enters A at 
stage s, then it follows that 

C3J+4 = arctan(2''^^) 

C3i+5 = — — -arctan(2''+^) 

For each z e D, let: 

C30 

A(z) = ^c„cj(z, J„,D) 

n=0 

f^W = / argi(C)F.(C)|dCI 

J so 

Let Log be the analytic branch of the logarithm whose domain is C— (— cxd,0]. That 
is, 

r 1 

Log(z) = / -dC,. 

Let Arg denote the imaginary part of Log. For each z e 9D — {— 1}, arg]^(z) = 
2Arg(l + z). The function z i~> 2Arg(l + z) is harmonic and is defined at each 
point in D- {-1}. It then follows that itl[z) = 2Log(l + z) for all z e D- {-1}. 
We seek to show that 

(5.3) ,/,' = C X exp(iA - itl) 

for some constant C . 



To prove Equation (5.3), we begin by defining -0 to be exp(iA — ii7). By the 
Schwarz Reflection Principle, this function has an analytic extension to an open 
set that contains each J„; let V' denote this analytic extension as well. We then 
consider the analytic function "0/0'. By construction, the argument of this function 
is on each J„. It follows that '^l<\)' has an analytic extension to an open set that 
contains D, and that this extension maps the boundary of the unit disk into the 
real line (but not the whole real line since 9D is compact). So, if w is not real, then 
the number of times V'(C)/0'(C) travels around w as C travels around the unit circle 
is zero. Set g = 'ip/'t'' ■ Then, the Winding Number 

hi c^'i 

27rz Jg(aD) C-w 
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is zero. But, by Change of Variables, this number is 

Stti Job 5(C) - w 
which, by the Argument Principle, is the number of pre-images of w under g that 
lie inside the unit disk. In other words, ip/ip' maps the unit disk into the real line. 
By the Open Mapping Theorem, this is only possible if ij/cj)' is constant. 
Hence, there is a constant C such that 

(5.4) ^^^)=^r7Tw^^^+^(«) 

for all zeD. 

6. The computability of the representation of 6 



Our goal is to use the representation (5.4) to demonstrate the computability of 



the boundary extension of (/)■ To do so, we first must compute the value of C. Since 
(/)' is computable, (see eg P ropo sition 4.1 of [IS|), this amounts to showing that A 



and f2 are computable. By (5.1), it suffices to show that A and Q are computable. 
The computability of Q is obvious. In order to demonstrate the computability of A, 
we first note that the sequence {cjljgpj is computable. We then seek to show that 
w(z, J„, D) is a computable function of n, z which reduces to showing that {anjngN 
is computable. So, let (n, k) be given as input . W e seek to compute a rational point 



q so that |g — Q!„| < 2 '^ . We apply Theorem 3.1 with i/„ playing the role of (q. In 



finitely many steps, we can compute a rational number Rq such that 

O<i?o<niin{|0(z)-CI I \z\<l,C(^dD}. 
Compute a rational number tq < _Ro/cxp(167r^) so that 
(6.1) l-y/l~m^ < 2-('=+2) 

where 

27r 

m = — 

Vlog(i?o/ro) 

We now compute a point zq ^ D (1 Dro(Co) such that Co is a boundary point of the 

connected component of zq in Dm (Co) H D. To do so requires that we take into 

consideration the value of n. If n = 0, then we set zq ^ ^{1 + 2i) so that zq lies 

on the line y = 2x. If n = 1, then we set zq = ^ + i(l — y) so that |zo — i^i| — ^ 

and Zq lies on the line y ^ 1 — x. If n = 2, then we set zq = (1 — ■2^)(1 + i) 

so that \zq — V2\ = tq/v^ and zo lies on the line y — x. If n = 3, then let 

zo == (1- f ) + 2(f )isothat 



1^0 -1^3 1 = 



1 

3 3 



%/5 



and so that zq lies on the line y — — 2(x — 1). 

If n = 3j + 5 , then set zq — Vn + ^i- Suppose n = 3j + 6 where h G {4, 6}. 
Compute the smallest s such that j e As or 2~("+*+2' <^- Set 

zo - 2-("+i)+2-("+^+2) + "^i 
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where the sign is positive if 6 = 4 and negative if 6 = 6. If j G A^, then zq ~ Vn + ^i. 
If j ^ Ag, then by the choice of s, Jzq — I'nl < tq- 

In aU of these cases, it follows that every point between Vn and zq lies in D. 

Let p = |(/)~^(zo)|, and let wq = p~^ (f)~^ {zq) . It follows from Theorem 3.1 that 
there is a pre-image of Vn, ^, such that 

le - wol < 2 - 2^1-^2 < 2-('=+i). 

Compute a rational point q such that \q — wqI < 2^'^'^+^^ Thus, Iq — CI < S^*^. If n 
is 0, 1, 2, or 3, or if n is congruent to 5 modulo 3, then Vn has only one pre-image 
and so |g — an| < 2^*"'. Suppose n = 3j + 6 where j £ N. Then, z^„ may have two 
pre-images under (p. That is, if j G A, then i/„ — t'„_2 and 0(a„) = 0(a„_2) = ^^n- 
However, a„ lies in the subarc of 9D from q;„_i to a„+2 that does not contain 
a„+5, and a„_2 does not belong to this arc. This arc can now be computed. So, 
we choose tq small enough so that this subarc contains 

{CedB : |Arg(C/u;o)|<m}. 



So, by 6.1 \wq — an\ < 2^'^'"'+^'. Hence, \q — a„| < 2^*^. The remaining cases are 
handled similarly. 

We have now shown that A is computable. It now follows that A is computable. 
As discussed in the introduction to this section, it follows that C is computable. 
We are now ready to demonstrate that the boundary extension of (j) is computable. 

7. A PROOF OF THE COMPUTABILITY OF THE BOUNDARY EXTENSION OF (f) 

It will be useful later in this section to have a computable parametrization of X. 
This can be constructed by first building, for each t € N, a stage t approximation of 
X, Xt, by making the following modifications to the construction oi X. If n enters 
A at stage s<t, then we declare 2-("+i) +2-("+2+'') and 2-("+i) -2-("+2+'*) to be 
in Xt. On the other hand, if n does not belong to At, then put 2"("+i) + 2-("+2+*) 
and 2~("+^) — 2~("+2+*) into Xt- The rest of the construction of X is unchanged. 
The resulting set Xt is a Jordan curve with a computable parameterization 74. 
We can compute jt so that 7t(si) = 7t(s2) if and only if Si,S2 G {0, 1}. We can 
further choose 70, 71, ... so that they converge uniformly to a surjection 7 of [0, 1] 
onto X. Furthermore, we can ensure that from k one can compute a number to 
so that |7ti(s) — 7t2(s)| < 2"*^ whenever ^1,^2 > to and s e [0,1]. Hence, 7 is 
computable. We note that if n ^ A, then 2^*^"+^^ and each point between 2"'^""'"^) 
and 2^*^"+^^(l +i) has exactly two 7-preimages; all other points on X have exactly 
one 7-preimage. 

The rest of the proof now turns on the following lemma which is a consequence 
of [22i Lemma 2] which roughly states that Dirichlet problems and their boundary 
extensions are uniformly computable from piecewise continuous data. 

Lemma 7.1. // / is a computable function on the unit circle, and if u is the 
solution to the resulting Dirichlet problem, then the continuous extension of u to 
the closed unit disk is computable. 

We now show that the boundary extension of (f) is computable. To this end, we 
first show that we can compute (p on the unit circle. For, we can then apply Lemma 
|7.1| to compute the real and imaginary parts of the boundary extension of 0. 

As a step in this direction, suppose ^ is a rational number and that e*^ is neither a 
pre- vertex nor —1. We show that (/'(e*^) is computable uniformly in 9. That is, given 
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9, k as input, one can compute a rational point q such that \q — (t>{e )\ < 2 . For 

the moment, set w 

Then, 



e and fix rational numbers ri, r2 such that < ri < r2 < 1. 



|</)(ri«;)-</)(r2U.)| = |C| 



'■^'" exp(»A(C)) ,, 



(1 + C)^ 



, ,^,/-hxp(^„, 



|i + C^ 



.Ml 



where Mi is the supremum of | exp(iA(ru)))| as r ranges from ri to r2, and M2 is 
the infimum of |1 + rw\ as r ranges from ri to r2. M2 can be computed using basic 
calculus. To estimate Ml, we first observe that |exp(iA(z))| = | exp(— A(z))|. We 
then observe that by (5.1), if z = re'"^, then 



A(z) = 



2rsin(A-6l)A(e'^) dO 



_^ 1 -2rcos(A-6') + r2 27r' 
We therefore seek a lower bound on this integral. We begin by noticing that 

2rsin(A-6') ^ -2r 



1 — 2rcos(A 



> 



(i + ry 



Since lu{z, E,D), as a function of E, is a probability measure on the boundary of 
E, ^'^^Qi^{z,Jn,^) — a;(z, i9D,D) — 1. As — tt < c„ < tt, we can conclude that 
-TT < A(e*'') < TT. Hence, 

T / X 27rr 

A(z)> 



(l + r)2 



> 



TT 

2' 



^ Since (f>{rie^^) can be computed uniformly in ri and 0, 
e*^) can be computed uniformly in 6. 



This enables us to infer that Mi < exp(7r/2). By allowing r2 to approach 1 from 
the left, we conclude that (j){rie^^) can be used to estimate 0(e'^) with error at 
most exp(7r/2)(l - ri)/M| 
it follows that 

We now show that (j) can be computed on the unit circle. Suppose we are given as 
input an open rational interval (0i,02)- It is required to produce an open rational 
disk that contains 0(e*^) whenever 61 < 9 < 92- We begin by simultaneously 
computing each e'^^ and each a„ until we obtain good enough approximations to 
enough of these quantities to demonstrate that neither e^^^ nor e*^^ is a pre- vertex 
or —1 and to also demonstrate that for some no, a„o 7^ e*^ whenever 9i < 9 < 92- 
If no such stage is found, then this computation will not halt. However, for each 
real 9 there are arbitrarily close rational numbers 6*1 and 6*2 such that 9i < 9 < 92 
and this search terminates. 

We then continue by computing each 0(e'*^). Once these have been approxi- 
mated with sufficient closeness, we can begin computing ti and ^2 so that j{tj) = 
(/)(e*^j) and a„o ^ 7(i) whenever t is between ti and ^2- It follows that whenever 
9i < 9 < 02, 0(e'^) = j{t) for some t between ti and ^2- Let g be an increas- 
ing and computable modulus of continuity for 7. Calculate the smallest k so that 
1*1 — hi < 2^5^'^). Compute a rational point q so that \q — 7(ii)| < 2"*^. Then, 
\q — ^(e'^)l < 2^^^^ whenever 9i < 9 < ^2- The quantity |t2 ~ ii| approaches zero 
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as 62 — Oi approaches zero. Thus the Convergence criterion is satisfied (see Section 
p|. It follows that (f> is computable on the unit circle and hence on all of D. 

8. Conclusion 
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